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Tab le  4. Deviations f rom planarity 

C~ = --0"006 A. Cll = +0.014 A. C 1 = +0"069 A 
C 6 = -0.001 C19 = -0 .012 C~. = +0"055 
C 7 = --0.005 Cla = --0.031 C a = +0.062 
C s = -/-0.023 C14 = +0.012 C 4 = --0.062 
C 9 = + 0 . 0 1 4  O15 = --0"007 N I T =  +0"096  

Clo = +0"027 016 = --0"009 

! t t 

C1, C~, C'  a, a n d  Ca are  s i m i l a r l y  d isp laced  f rom p lane  (ii). 
The  d imens ions  of t h e  molecule  (Fig. 3) are gene ra l ly  

cons i s t en t  w i t h  t h e  n o r m a l l y  accep ted  values .  The  
two  C - N  bonds  h a v e  b o t h  t h e  same l e n g t h  of 1.39 )~. 
S imi la r  sho r t en ings  of t h e  n o r m a l  C - N  single bond  
l eng ths  of 1 .47 /~  h a v e  been  found  in  o ther  he te rocyc l ic  
c o m p o u n d s  a n d  h a v e  been  l i s ted  b y  B r o w n  (1949). 
Of t he  two  C = O  b o n d  l eng ths  C9-015 is 1-21 A a n d  
C10-O~6 is s l i g h t l y  longer  a t  1.23 A. The  four  single 
C-C  bonds ,  C10-C14, C10-Cla, Cg-Cn, C9-C19, h a v e  
l eng ths  1.49, 1.50, 1.48, a n d  1 . 5 0 / ~  respec t ive ly .  The  

n i t rogen  a t o m  is i n t r a m o l e c u l a r l y  h y d r o g e n - b o n d e d  to  
t he  a d j a c e n t  o x y g e n  a tom,  t he  N - H  bond  l e n g t h  be ing  
1.01 A as deduced  f rom t h e  h y d r o g e n  pos i t ion  mea-  
sured  f rom t h e  [b] difference syn thes i s .  
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I n  the ref inement  of crys ta l  s t ructures  b y  the least- 
squares method,  the problem is often complicated by  the  
quest ion of wha t  is the  proper way  to deal wi th  un.  
observed reflexions, i.e. reflexions for which 0 ~ F 2 <  F2min.. 
I t  is obvious t h a t  an  observat ion t h a t  a par t icular  re- 
flexion has  a value in a cer tain range, in par t icular  the 
range above, m a y  be ful ly  as impor tan t  in the determina-  
t ion of a s t ructure  as observat ions of a more precise 
nature .  I t  is the purpose of this  note  to point  out  a method  
of dealing wi th  unobserved reflexions which is demanded 
b y  the  spiri t  of least-squares adjus tments .  

Now the problem of least  squares is to find (under the 
m i n i m u m  variance criterion) the expected values for a 
set of parameters  under  the  condit ion t ha t  a set of l inear 
combinat ions  of these parameters  (the observables) have 
been observed to have  certain values. These values are 
by  their  ve ry  na tu re  unprecise;  else there would be no 
need to call on the  least-squares procedure. Actual ly,  
we m a y  generalize the  s t a t emen t  to say t h a t  we observe 
cer ta in  conditions which  the observables mus t  satisfy. 
The solution of the least-squares problem tells us t h a t  
the  best  values of the  parameters  are given by  the solu- 
t ions of the normal equations with  the value of each ob- 
servable being t aken  as its expected value or mean (~) 

* National Science Foundation Post-Doctoral Fellow, 1954- 
55. 

in revised form 31 December 1954) 

under  the conditions which the observations impose, 
together  wi th  a n y  conditions we m a y  assume about  its 
possible value, and  weighted inversely proport ional  to its 
var iance (a ~) under  these conditions.~- 

The appl icat ion of this  point  of view to observed re- 
flexions is s t ra ightforward,  the mean  value of the distribu- 
t ion of the  corresponding observable being s imply  the 
observed value.~: The weights  are chosen by  a more or 
less direct analysis  of the exper imenta l  errors, usual ly  
combined wi th  some scheme which contr ibutes  computa-  
tic~aal simplici ty.  

For  unobserved reflexions, the  best  procedure is to 
determine the mean  value and  variance of an  observat ion 
in the unobservable  range, assuming tha t  the  probabi l i ty  
dis t r ibut ion is the  theoret ical  one for the space group 
Lmder consideration (in the la ter  stages of ref inement,  
for the actual  structure).  Howells,  Phil l ips & Rogers 
(1950) have derived the dis t r ibut ions for the space 

The case of correlated observational errors and the 
consequent non-diagonal weight matrix will not be discussed 
here. However, see W.C. Hamilton & Verner Schomaker, 
The .Method of Least Squares in Electron Diffraction (to be 
published) for a more detailed discussion of some of these 
points. 

This is the case if an observation yields a definite number. 
If the intensities are visually estimated to lie in a certain 
range, the analysis below might well be more suitable. 
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g roups  P 1  a n d  P i ,  a n d  the i r  resu l t s  wil l  be  u sed  be low.  
I n  t h e  fo l lowing fo rmulae ,  z = Imin./Iav. = l~m~//~v,  is 
t h e  r a t io  of/rain,  t o  t h e  a v e r a g e  I over  a shell  of c o n s t a n t  
s in s 0, a n d  N(z)  is t h e  c u m u l a t i v e  d i s t r i bu t i on  func t ion .  

P1 

N ( z ) =  I~e-tdt 

,,(z) =12te-tdt/N(z) 

= 1--ze-Z/N(z) 
z]2 

(~9"(Z) = i2 t2e-tdt/N(z)--# 2 

= 2 p - - p 2 + z ( p  - 1) 
za[12 

P i  

N(z) - - - -  err (z/2)½ 

- -  l I:e-½tt-½dt 
¢(2zt) 

1 l:e-½tt½dt/N(z ) g(z) = / ( 2 ~ )  

= V ( 2 )  z½e-'~lN(z) 

z]3 

l S2e-½tta/9"dt]2V(z)--la2 

= 3p--~u%i--z(/.t - 1) 

4z~/45 

F r o m  t h e  de f in i t ion  of z we  h a v e  p(Imin.) = Iav.p(z) a n d  
a~(Imin.) =/~av.a~(z), a n d  thus ,  for  t h e  t w o  cases above ,  
we  h a v e  a p p r o Y i m a t e l y  

P1 P i  

t u ~ Imin./2 # ~ Imia./3 
a~~, l~aiz./l'2 o'2,~ 4./~ain./45 

F o r  p r ac t i c a l  purposes ,  t he se  va lues  m a y  be  t a k e n  as  t h e  
p r o p e r  ones  for  all  a cen t r i c  a n d  cen t r i c  space  g roups  for  
all  b u t  t h e  v e r y  f ines t  r e f i n e m e n t s . *  

E a c h  u n o b s e r v e d  re f lex ion  m u s t ,  t o  be  cons i s t en t  w i t h  
t h e  l eas t - squares  m o t i v a t i o n ,  be  e n t e r e d  in to  t h e  re-  
f i n e m e n t  w i t h  i ts  a p p r o p r i a t e  m e a n  v a l u e  a n d  we igh t ,  
as  d e t e r m i n e d  f r o m  t h e  t h e o r e t i c a l  d i s t r i bu t ion .  I t  is a 
m i s t a k e n  n o t i o n  t h a t  on ly  those  u n o b s e r v e d  re f lex ions  
w h i c h  h a v e  ~calc. > F ~  a t  a p a r t i c u l a r  r e f i n e m e n t  s t age  
shou ld  be  e n t e r e d  in  t h e  succeed ing  r e f i n e m e n t .  E v e n  in  
t h e  e v e n t  t h a t  all  t h e  ca l cu l a t ed  s t r u c t u r e  fac to r s  a r e  
less t h a n  t h e  m i n i m u m  obse rvab le  va lues ,  t hese  re f lex ions  
m u s t  p r o p e r l y  be  i n c l u d e d  in  t h e  n e x t  r e f i n e m e n t  t o  
o b t a i n  re l iable  e s t ima te s  of er ror ,  w h i c h  is one  of t h e  
m o s t  usefu l  f ea tu re s  of t h e  l eas t - squares  p rocedu re .  
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* The average intensity for a group of special reflexions 
m a y  differ by  an integral multiple from tha t  for general (hkl) 
reflexions. These multiples depend on the symmet ry  elements 
present and m a y  be as great as twelve; a table of their  values 
for all the space groups is given by  Rogers (1950). For  such 
reflexions, z mus t  accordingly be defined with  the local 
average being taken over the group characterized by  the  same 
multiple, or, better,  as the appropriate multiple t imes the  
local average for the non-special reflexions. However,  to the  
approximation considered above, this factor does no t  enter  
the expressions for the mean  values or variances of the  inten- 
sities. For example, the next  te rm in the series expansion for 
the variance in the acentric case is --z4/240, so tha t  the vari- 
ance of the intensity to this degree of approximation is 

2 2 2 @ Imin./12--z Imin./,,40. In the  present application, z will in- 
variably be considerably less than  uni ty ,  so tha t  the second 
term is very lmlmportant. I n  the very  rare case where i t  is 
large enough to be significant, use of the correct multiple is 
of course necessary. 
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